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Abstract. In this article we present an example of a discrete group 
Sc C PSL(3, R) whose action on P^ does no have invariant projective 
subspaces, is not conjugated to complex hyperbolic group and its limit 
set in the sense of Kulkarni on P^ has infinite lines in general position. 



Introduction 

In [6 J the author has constructed an example of 3-manifold which admits 
an exotic projective structure, as part of this construction the author, by 
means of the use of the Pappus's theorem, has build up a discrete group £ of 
PSL(3, R) acting on Pj| which has a fractal curve as a unique closed minimal 
set. The main purpose of this note is to show that considering the action of 
S on one gets and example of a discrete group whose discontinuity region 
in the Kulkarni sense is non empty, even in case that the respective region 
on P^ might be empty, its limit set in the sense of Kulkarni has infinite 
lines in general position and is not conjugated either to a group which has 
invariant projective spaces or a complex hyperbolic group, which where the 
only known examples. More precisely we show: 

Theorem 0.1. There is a discrete group S c C PSL(3,R) acting on P^ 
with the following properties: 

(i) The group Sc is complex Kleinian; 

(ii) There is a fractal curve CcP| which is the minimal close set for 
the action of £c; 

(iii) The discontinuity region and the discontinuity region in the Kulka- 
rni sense agree; 

(iv) There is a fractal curve T C Gr(P^) such that: 

A(£ c ) = UT; 

(v) The number of lines on A(Ec) lying on general position is infinite; 
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(vi) The group Sc does not have invariant lines; 

(vii) The group is not complex hyperbolic, i.e. is not conjugated to a 
group which leaves the unitary complex ball invariant. 

This article is organized as follows: in section [T] we introduce some terms 
and notations which will be used along the text and finally in section [21 we 
present the proof of theorem 10.11 

1. Preliminaries and Notations 

1.1. The Kulkarni's Limit Set. 

Definition 1.1. Given a group G acting on a topological space X, then X 
is said to be a discontinuity region for X if for every pair of compact subsets 
C and D of , the cardinality of the set {g € G : g(C) n D / 0}, is finite. 

R. Kulkarni introduced in [4] a concept of limit set that has the important 
property of assuring that its complement is a region of discontinuity. Let 
us proceed to define it. Let Lq(G) be the closure of the set of points in X 
with infinite isotropy group. Let L\(G) be the closure of the set of cluster 
points of orbits of points in X \ Lq(G) Finally, let L2(G) be the closure of 
the set of cluster points of GK, where K runs over all the compact subsets 
of X \ (L (G) U L x (G) . We have: 

Definition 1.2 (See [3]). Let X be a topological space and G be a group 
of homeomorphisms of X. The Kulkarni limit set of G in X is the set: 

A(G) :=L (G)UL 1 (G)UL 2 (G). 

The Kulkarni region of discontinuity of G is 

0(G) := X\ A(G). 

A group is said to be Kleinian if Q(G) is non empty. 

An easy argument shows that £1(X) is a discontinuity region for G. 

1.2. Projective geometry. We recall that given a a vector space V over 
a field K is to be defined as 

PV = (V\{0})/^ 

where ~ denotes the equivalence relation given by x ~ y if and only if x = cy 
for some nonzero scalar c. If [ ] : V \ — {0} — > PV represents the quotient 
map, then a nonempty set H C PV is said to be a line projective if there 
is a A'-linear subspace H C V of dimension 2 such that [H] = H. It is well 
known that, given p,q € PV there is a unique line passing through p and q. 
Also set Gr(PV) to be the space of lines, it can be seen that Gr(PV) = PV 
if K is either C or R and V has dimension 3. 

The group of projective automorphisms is: 

PSL(V) := GL(V)/ w 
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where ~ denotes the equivalence relation given by x ~ y if and only if x = cy 
for some nonzero scalar c. The elements in PSL(V) are called projective 
transformations, they act in a natural way on PV and it is verified that 
take lines into lines. Also given M : V —■ V & nonzero linear transformation 
which is not necessarily invertible. Let Ker(M) be its kernel and let Ker{M) 
denote its projectivisation, the seudo-projective transformation induced by 
M is the map M : PV \ Ker{V) -> PV M([v\) = [M(v)]. 

2. Proof of the Main Theorem 

Proposition 2.1. In [6], by means of the Pappus's Theorem, the author has 
constructed a discrete group E C PSL(3, R) with the following properties. 

(i) Algebraically E is the modular group TLi * Z3. 

(ii) There are fractal curves a.% : S 1 — > Pj|, a 2 '■ S 1 — > Gr(P^) such 
that a 2 (S 1 ) is the unique transverse linefield to ai(S 1 ), ai(S 1 ) is 
the section to a 2 (S 1 ) 

Ea^S 1 ) = axiS 1 ), r*a 2 (§ 1 ) = a 2 ($ 1 ) and 

a 2 {p) fl ai(S 1 ) = {a±(p)}, for each p G S . 

(iii) There are transformations 7 € E (resp. E* ) with an attracting and 
a repelling fixed point. From now on, we will call such transforma- 
tions Loxodromic and we will denote the respective attracting and 
repelling fixed points by 7+ andj^, (resp. 7^ and 7* ). 

(iv) There are loxodromic elements 7, r G E sitc/i that: 

{ 7 +,7-}n {t + ,t_} = 0; 

(v) TTie set of repelling and attracting loxodromic fixed points are dense 
in and a 2 (S 1 ) respectively, that is: 

ai(S 1 ) = {7 + ,7_ : 7 € E is loxodromic}; 

«2(S 1 ) = {7+, 7 * : 7 G E* is loxodromic}. 

(vi) Lei (7 m ) C E be a sequence of distinct elements. Thus for any e > 
there is some n G N and points p, q G S 1 suc/i f/iai 

7n (P|\B e (a2(g))) Cfl e (ai(p)). 

where B e {ai{x)) denotes open ball with radius e, center oti(x) and 
with respect the spherical metric p. 

Lemma 2.2. Lei 7 G E be a loxodromic element, then there are s, t G S 1 dis- 
tinct elements such hat a\{s) =7+, ai(t) = 7-, Fix(j) = {a\(s), a±(t), 7c } ; 
where ^ c is the unique element in a 2 (s) Pia2(t), which is also a saddle point. 

Proof. Let 7 G E be a loxodromic element. Thus 7+, 7 _ G ai(§ 1 ). In 
consequence there are xx 2 G S 1 such that ct\(x\) = 7+ and 01(2:2) = a_. 
Thus 

7(a 2 (xj)) n a^S 1 ) = {atifo)} 
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Since a<i is E*-invariant we conclude 7(02(27)) = 0:2(0;$). In consequence 
OL2(x\) n ot2{x2) is fixed by 7. Therefore the fixed set of 7 consist on exactly 
3 points, each of one is contained in P^. □ 

A similar argument yields 

Corollary 2.3. Let 7 € E 6e a loxodromic element, then there are s,t G S 1 
distinct elements such that 02(5) = 7+> ^(t) =7*, Fixfa) = {^(s), a2(t),7*}, 
where 7* is i/ie unique element in Gr(P^) which contains ai(s) and a\{t), which 
is also a saddle point. 

Lemma 2.4. T/ie group E does no£ /iat>e invariant real lines. 

Proof. On the contrary let us assume that there is I G Gr(P^) which is 
E-invariant. Now since is a fractal curve we conclude that there is 

7 € E a loxodromic elements such that 7+ ^ I. Now, let s, i G S 1 be distinct 
elements such that «i(s) = 7+, ct\(t) = 7_, 02 (s) = 7+ and 0:2 (0 = 7*- 
Since I is invariant under the action of 7, Corollary 12.31 yields I = 02 (t). 

Claim 1. If t G E is a loxodromic element, thus is a fixed point of 

r which is not saddle. Now, let r € E be a loxodromic element. Then by 
Lemma 12.21 there are si,ti G S 1 distinct elements such that ai(si) = r + , 
77 (i) = t_, 02(81) = 7+ and 02(^1) = 7*- Since 02 (t) is r- invariant and 
0:2 (S 1 ) is the unique transverse linefield to ai (S 1 ), Corollary 12.31 yields that 
either ai(t) = 0:2(^1) or a-iii) = 0:2 (si). In consequence is a fixed 

point of t which is not saddle. 

From the previous claim it follows ai(i) G n{r + , r_ : r € E is loxodromic}, 
which contradicts part (jrvj of Proposition 12.11 □ 

Dualizing the previous argument one gets 

Lemma 2.5. The group E does not have fixed points on Pj|. 

Lemma 2.6. Let M C Pj| be a closed, non empty set such that Stab(M, E) 
is a subgroup of finite index ofT,, then ai(S 1 ) C M. 

Proof. Let us assume that there is 7 € E a loxodromic element such that 
7+ M. Thus by Lemmas ES] and E3 it follows that M \ Fix(<y) has at 
least one element, say y. Since Stab(M, E) has finite index, there is k G N 
such that 7 fc G Stab(M,Y). Thus (j mh (y)) C M and 7 m (y) 7+ , 
which is a contradiction. □ 

Lemma 2.7. Lei (T m ) C T, be a sequence of distinct elements and T G 
QP(3, R) 6e a seudoprojective transformation such that T m rn ^^ } T, then 

there are r, s G S 1 such that Lm(T) = a.\{r) and Ker(T) = ct2 (s). 

Proof. For each m G N, define 

_ dmm p (P|) 
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Thus by part (jvij) of Proposition 12.14 there is a subsequence of (T m ), still 
denoted (T m ), sequences (r m ), (s m ) G S 1 such that r m r, s m « 

and 

T m (P|\B £m (a 2 (r m ))) C B £m K( Sm )). 
Let if C P^\«2(^) be a non empty compact set. Since a2(r m ) _> ^(r), 
it follows that there is mo G N such that: 

-Be m (a2( r m)) C B d (a 2 {r)) for all m > m , 
where d = 4 p(a2(r), K). Thus 

T m (K) C S ero (ai(s m )) for all m > m . 
Now let e > 0, since ai(s m ) m _^ r ^ 1 it follows that there is no G N 

such that: 

Be m (ai(s m )) C B £ (ai(s)) for all m > n . 

In consequence 

T m {K) C B t {a\(s)) for all m > max{mo,no}, 
which concludes the proof. □ 

For each t G GV(Pj|), let us denote by (£) the unique complex line which 
contains I. Also let us denote the action of E on P c by Ec- 

Proposition 2.8. The group Ec does not have fixed points. 

Proof. On the contrary, let us assume that there is a point p G P^ which is 
fixed by Sc- Now, let 7 G Sc be a loxodromic element. Thus my Lemma 
12.21 it follows that p G -Fix (7) C Pj|, which contradicts lemma [231 □ 

Proposition 2.9. T/ie group £c * s affine. 

Proof. On the contrary, let us assume that there is a line I G Gr(Pp) which 
is £*-invariant. Now an easy calculation shows that i\ = £ n Pj| is either a 
point or a a real line which is S-invariant. Which contradicts Lemmas 12.51 
and|M- □ 

Proposition 2.10. The group Sc is not complex hyperbolic. 

Proof. On the other hand, let us assume that Ec is conjugated to a complex 
hyperbolic group. Thus there is a smooth manifold M difeomorphic to the 
3-dimensional sphere § 3 which is Ec-invariant. Now let 7 G Ec be a loxo- 
dromic element and y G M\Fix{pf), thus 7 m (y) m _ >c g i 7+. In consequence, 

M = M n P^ is a non empty, compact, E-invariant, smooth submanifold of 
Pj|. Let no = max{dim^(N) : N C M is a connected component}. Thus 
no is finite since M is compact. Now let iVo be a connected component of M 
such that dirrtM.(No) = no- Since M is compact it follows that Stab(No, Ec) 
is a subgroup of Ec with finite index. Thus Lemma 12.61 yields «i(S 1 ) C iVo- 
Since iVo is smooth, compact and connected we conclude no = 2. Thus 
N = P| , which is a contradiction since Pj| cannot be immersed in § 3 . □ 
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Recall that given a family of continuous functions A = {f a : X — > Y} a< zj, 
where X and Y are topological spaces. The equicontinuity region of A is 
to be defined as the sets of points x G X which has an open neighborhood 
such that each sequence (f m ) C A has a subsequence which is convergent 
on U with respect the compact-open topology. 

Corollary 2.11. The equicontinuity set of Ec is non empty open set and 
is the union of all the lines induced by a 2 (S 1 ), that is: 

Eq(X c )=F 2 c \ |J (a 2 (x)>. 

Proof. Let (T m ) C Ec be a sequence of distinct elements. Thus, see [2], there 
is a transformation T € M(3,R), a subsequence of (T m ), still denoted (T m ), 
and a sequence T m G SL(3, K) such that T m > T as C-linear transfor- 
mations and with respect the compact-open topology. Now by considering 
T and (T m ) as M-linear transformations and applying Lemma [2. 71 we deduce 
[Ker(T) \ {0}] = a 2 (r) and [Im(T) \ {0}] = {ai(s)}. Thus considering T as 
C-linear transformation one gets Ker(T) = (a2(r)) and Im(T) = {a\(s)}. 
Now the description of Eq(Y,c) follows from part (jvj) of Proposition 12.11 

Finally, let z G S 1 , y € \ a 2 (z), I G Gr(P|) such that y,a±(z) and 
x G (£) \ P|. Clearly x G Eq(E c ). □ 

Proposition 2.12. T/ie number of lines on A^uiC^c) lyi n 9 i n general po- 
sition is infinite. 

Proof. Since Ec does not have invariant lines on fixed point, it can be shown, 
see pp, that the number of lines in general position lying on A(E<c)) is either 
3 or infinite. On the other hand, in [1] it is showed a group which have 
exactly 3 lines on its limit set in the Kulkarni sense, should satisfy have a 
normal commutative subgroup iV with finite index. Which is not possible 
for Ec since it is, algebraically, the modular group. □ 

Now it follows easily 

Proposition 2.13. The group Ec is a Kleinian group such that the equicon- 
tinuity region agrees with the discontinuity region in the Kulkarni 's sense, 
that is: 

n Kul (E c ) = p c \ |J M*)>. 
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